Robust open-loop steering of a finite-dimensional quantum system is a central problem in a growing number of applications of information engineering. In this note, we reformulate the problem in the classical control-theoretic setting, and provide a precise definition of robustness of the control strategy. We then discuss and compare some significant problems from nuclear magnetic resonance in the light of the given definition. We obtain quantitative results that are consistent with the qualitative ones available in the physics literature.
IV. CONCLUDING REMARKS
The generalized output regulation problem for a class of nonlinear systems has been investigated here. The generalization consists in the presence of unknown driving signal forcing exogeneous system. The properties of such a generalized exosystem have been discussed and comparision with the linear setting performed. An interesting new feature is the possibility to consider nonautonomous exosystem obtained as asymptotically stable autonomous system forced by unknown driving signal. The future research will be devoted to error feedback solution of the generalized output regulation problem and their weaker forms, e.g., the so-called almost generalized output regulation, minimizing certain norm of mapping from unknown driving signal to the regulation error.
I. INTRODUCTION
We consider an isolated n-dimensional quantum system with time evolution described by the following Schrödinger equation:
i hj _ (t)i = H(t)j (t)i: (1) Here, j (t)i is a vector of unit norm in n representing the state of the system at time t. The unitary time evolution of the system is governed by the system Hamiltonian
The internal Hamiltonian H 0 2 n2n is an Hermitian matrix describing the free evolution of the system. The control Hamiltonian
Hjuj (; t) where H j 2 n2n are also Hermitian matrices, accounts for the effects of the control inputs u1(; t); . . . ; um(; t) on the dynamics of the system. We assume that these control functions depend on a finite number of real parameters = ( 1 ; . . . ; p ), k 2 T , with T being an open set in p . This kind of assumption is reasonable if we think of the small set of parameters we can control in an experimental setting. We consider the problem of steering the system from a given initial state j 0i = j (0)i to a final state j 1i, where j 0i and j 1i are unit vectors in n . We assume that the transition occurs (at t = t f ) when = 3 which we take as " nominal" value of the parameters. Clearly, if 6 = 3 , the transition will, in general, not occur.
It is convenient to introduce the error probability for each control strategy. Consider the normalized final state for the time evolution, j (t f ; )i. It can be written as j (t f ; )i = h 1 j (t f ; )ij 1 i + j ? (; t f )i with j ? (; t f )i orthogonal to j 1 i. If we imagine performing a discrete measure 1 on an observable that has j 1i as eigenstate, the probability to obtain the eigenvalue associated j 1 i (that corresponds to the probability of finding the system in j 1 i immediately after the measure) is: P j i = jh 1j (t f ; )ij 2 . Then, the error probability corresponding to the value is P err (t f ; ) =1 0 jh 1 j (t f ; )ij 2 = h ? (;t f )j ? (;t f )i (3) thanks to the fact that j (t f ; )i is normalized. By assumption, we have Perr(t f ; 3 ) = 0.
II. ROBUSTNESS OF THE CONTROL STRATEGY
In the quantum control field, the expression " robustness of the control strategy" means that the control performance is insensible with respect to errors in the control implementation. In [9] , a control strategy is considered robust " if significant local changes in the amplitude and the form of the pulse and of the chirp do not change significantly the final transfer probability." The pulse and the chirp, in the setting described in Section III, are the system inputs parameters. A quantitative definition of robustness is, however, missing.
The contribution of this note is to provide such a quantitative definition reformulating the problem as a robust control-theoretic problem, and then to analyze the robustness properties of some significant strategies considered in the relevant literature. In terms of our model, this concept of robustness can be qualitatively formulated as follows: A control strategy is robust when, for values of the parameters different from the nominal ones, the final state j (t f ; )i is close to the desired one j 1 i. This robustness request is satisfied if P err (t f ; ) is small in the parameter set T .
In classical control theory, plant uncertainty is described by a set P of possible plants [5] . This uncertainty can be either structured (parametrized by a finite number of scalar parameters or a discrete set of plants) or unstructured (disc-like uncertainty). A controller is said to be robust with respect to some property if the controlled system enjoys this property for every plant in P. It is quite simple to reformulate our problem as a particular case of structured-like classical robustness problem. First of all, notice that our quantum "plant" is determined by the matrices (H0;H1; ...;Hm). These matrices determine the system Hamiltonian (2), given the control strategy. Let P 0 = (H 0 ; H 1 ; ...;H m ) be our nominal plant. As in [10] , we can transfer the uncertainty from the control parameters to the internal Hamiltonian. In fact, by defining u i () = u i ()0 u i ( 3 ) we can write
where 1Hu() = N i=1 Hiui(). Such a cosmetic transformation shows that our control strategy uncertainty can be seen as a particular case of the plant uncertainty (with control inputs u i ( 3 )). The plant set P is here given by P = f(H0 + 1Hu();H1; ...;Hm)j 2 T g:
The property we are interested in, as in [9] , is to keep the error probability small. We require this probability not to exceed 2 [0; 1) at a given t f .
Performance Specification: A choice of parameters must satisfy
Perr(; t f )
where 2 [0; 1) is a given threshold.
All the ingredients of a classical robustness problem have now been specified.
Definition 1: A control strategy fu 1 ( 3 ; t); ...;u m ( 3 ; t)g, t 2 [ti;t f ] is robust with respect to parameters uncertainty and performance specification (5) 
It is evident that only the robust performance with an = 0 specification ensures us an exact steering of the system state for all 2 T .
Notice that this definition is consistent with the usual one in robust control. For instance, a central issue in the latter problem is to have a robust disturbance attenuation. This can be shown to be equivalent to having the magnitude of the sensitivity function smaller than in a given frequency range; see, e.g., [5, p. 42 ].
In the given definition only the final state of the evolution is considered. The dynamics have not been involved since we suppose to have already a nominal choice of the parameters and controls, e.g., obtained by solving an optimal control problem [4] . This is a typical approach even in classical control theory. After the desired nominal evolution has been founded, a robust tracking problem must be solved to avoid the effects of disturbance and errors.
III. SOME APPLICATIONS
In this section, we analyze, in the light of the previous definition, the robustness of some prototype examples. We will compare our results with qualitative observations and robustness claims in the relevant literature. To do so, we introduce a particular form of (1) frequently used in nuclear magnetic resonance (NMR) quantum control problems. We consider a two level quantum system, and the associated bidimensional Hilbert space. The time evolution is described by a scaled time Schrödinger equation in the form i h @ @s j (s)i = T H(s)j (s)i (6) where s = t=T and H(s) = 01(s) (s) (s) 1(s) (7) is represented in the canonical (diabatic) base. The control functions 1(s) = 1 0 8(s) (s) = 0 3(s) are the inputs, with 8(s), 3(s) fixed envelops and 10, 0 2 + amplitude parameters. In this picture, we have 1(s) = u 1 (s;1 0 ) and (s) = u 2 (s; 0 ). Thus, = ( 1 ; 2 ) = (1 0 ; 0 ) are the parameters we are interested in. In the contest of particle-laser field interaction and the rotating wave approximation (RWA) [1] , these functions depend on the chirp (detuning) and the amplitude (time-dependent Rabi frequency) of the active pulse. 2 
Here "(s) = 1 2 (s) + 2 (s) 
where (s) := (d=ds). The new basis vectors are called adiabatic states. In the adiabatic limit, T ! 1, the (s) terms can be neglected, as shown by the adiabatic approximation theory [7] . In this approximation, the Schrödinger equation written in the adiabatic basis is governed, for all s, by a diagonal matrix. Hence, if the system is in an energy eigenstate at the beginning of the evolution, it will remain in the same eigenstate. This fact ensures us that lim T !1 P T (s) = 0 (12) where PT (s) is the probability of finding the system in a different eigenstate at time s. 3 The adiabatic limit T ! 1 could be substituted by the equivalent condition
(s) T "(s):
With this kind of formulation the analogy with adiabatic invariants theory in classical mechanics (see [2] ) is evident: From (12) one could easily prove that PT behaves like an adiabatic invariant.
In Sections III-A-C, we will investigate the robustness properties of different control strategies in a typical steering problem, the stateflipping: Transfer the system state from one basis vector to the other. The standard resonance technique and two adiabatic models will be discussed and compared.
A. Magnetic Resonance
A simple way to obtain such a transfer is by using the magnetic resonance phenomena: Under properly tailored oscillating fields, the state vectors rotate between the two basis states [6] , [11] , exhibiting the so-called Rabi oscillations. This kind of effect can be generated by the following fields-control functions: 1(s) = 0 (s) = 03(s) (13) where 3(s) is the -pulse envelope. This parametrization, and some easy calculations [8] , lead to the following expression for the error probability:
Perr(T; 0;A3) = cos 2 T 0 s s 3(s)ds = cos 2 0TA3 (14) with A3 the -pulse area. This probability is equal to zero for 4 : 3 0;k = k + 1 2 where 5 (s) is the projector on the instantaneous nth eigenvector and s the initial scaled time. This implies that all along the evolution the probability of errors due to transition between energy levels goes to zero as T approaches to 1 and holds for system with more than two levels. 4 Since , such that sin2T 0 A 3 is monotone in every direction. Then, the maximum absolute value for the error probability in T is P max = cos 2 T A 3 (15) where A3 = A 3 3 + and = 3 0 + , since we are considering only nonnegative k. Then, the control strategy is robust if in the performance specification (5) P max .
According to qualitative evaluation found, the magnetic resonance strategy does not seem to ensure enough insensibility toward errors in control implementation and can be sensitively improved by adiabatic passage techniques.
B. Landau-Zener Model
The Landau-Zener model is one of the simplest choice of control function leading to an adiabatic transition. We will consider 1(s) = 1 T s (s) = 0 (16) the detuning varies linearly with a zero crossing, while the Rabi frequency is maintained constant. For s = 0 we have a minimum in the difference between energy levels that leads asymptotically (si ! 01; s f ! +1) to a perfect state inversion if the evolution satisfies the condition needed for the adiabatic approximation. The error probability is estimated with the Landau-Zener formula P err (T; 0 ; 1 0 ) e 0T( =1 ) : (17) This formula estimates the probability that the final state is different from that occurring under ideal adiabatic hypothesis. It is important to notice that when the control parameters are different from the nominal ones, the final eigenvectors could differ from those corresponding to the nominal evolution. In fact, the adiabatic theorem only ensures low transition probability between the adiabatic states for sufficiently smooth variation of the parameters. In the models we are considering, however, the Hamiltonian (7) is quasi-diagonal in the diabatic basis for large s (diagonal if s i;f ! 71), even for large errors in the pulse amplitudes 10, 0. Thus, we may assume that errors in the control parameters do not significantly affect the final energy eigenstates. Hence, the only error probability we will consider is the nonadiabatic transition probability (17).
This probability goes to zero in the adiabatic limit T ! 1 for any choice of 6 = 0 and. Thus, the robustness set for this strategy is the whole open first quadrant without its boundary ( 0 = 0, 1 0 = 0). The advantages given by this adiabatic technique are evident, as long (17) estimates correctly the error probability. Even if the T ! 1 condition is not realizable, we can take a T large enough to maintain P err arbitrary small for (almost-)every parametrization of the control strategy. We will call this behavior intrinsically robust.
C. Allen-Eberly Model
We now analyze an adiabatic control strategy more complex than the previous one. The Allen-Eberly [1] parametrization allows to obtain an exact expression for the error probability and, in the 0 = 1 0 case, forces the state time evolution along the energy level lines, maintaining "((s); 1(s)) = c, c constant for every s [9] . This kind of choice leads to good results in terms of error probability even quite far from the ideal T ! 1 condition, as we are going to show. In terms of control functions, we consider 1(s) = 1 0 1 0 sech 2 (s) = 1 0 tanh(s) (s) = 0 sech(s): (18) Then, the exact expression for the error probability is Perr(T; 0; 10) = cosh 2 T 1 2 0 0 2 0 sech 2 (10T) (19) for every regime, adiabatic or not. We can notice that, for large T and for 10 0, the error probability can be bounded by Perr(T ; 0; 10) 4e 02T 1 0 p 1 0 :
Thus, for every 10 and 0, 10 0, the error probability decreases exponentially to zero in the adiabatic limit. The best choice for the parameters values is to take the largest 1 0 = 0 . In the case 0 > 1 0 , the error probability becomes P err (T; 0 ; 1 0 ) = cos 2 T 2 0 0 1 2 0 sech 2 (1 0 T ): (21) This expression tends to zero with dumped oscillations, due to the term cos 2 T 2 0 0 1 2 0 . Again, larger 1 0 make P err converge faster.
Thus, for each fixed , we can compute a T such that the error probability P err (T; 0 ; 1 0 ) < for every T > T . Indeed, it is easy to see that T = max 0 ln This control strategy is therefore intrinsically robust for T sufficiently large. According to the Landau-Zener case, every choice of 0 6 = 0 and 1 0 6 = 0 asymptotically drives the system to the target state. The level line condition (1 0 = 0 ) and large 0 give faster convergence to the desired state.
IV. DISCUSSION
The "adiabatic" behavior of quantum mechanical systems under slow variation of the environment condition, e.g., slowly changing electro-magnetic fields, is well known since a long time. Discussion of equivalent behaviors in the framework of classical mechanics gave birth to the study of adiabatic invariants. 5 Comparing the results, the advantages given by the adiabatic strategies in our control problem are evident. They can be effectively used, however, when the transfer time is not critical: their intrinsic robustness is exhibited only with a large time.
We have considered a simple control problem in a bidimensional space. The adiabatic theorem, however, holds for systems with more than two levels. Thus, the advantages offered by the adiabatic techniques can surely be exploited in a more general context, provided that asymptotically exact steering of the energy eigenvectors can be obtained.
The examples analyzed are also treated in [9] to illustrate that control strategies based on the level lines are optimal for adiabatic population transfer (the level line strategies minimize the error probability and corresponds to the minimum pulse area). In [9] , robustness of the control is also taken in account: Contour plots of error probability with respect to parameters variations are obtained thanks to numerical simulations for the system evolution. Different strategies are qualitatively compared. It is shown that the simple resonance case generates larger error probability than the adiabatic optimal techniques, once a parameter variation is fixed.
Here, we have given a formal definition of the robustness property, reformulating the problem in the control theoretical setting. We have obtained quantitative results consistent to the qualitative ones just described, and we have provided an analysis tool useful to evaluate and compare robustness behavior of different strategies. From a control theoretic viewpoint, we have analyzed a specific robustness problem for open-loop control of a bilinear system.
ACKNOWLEDGMENT
The first author would like to thank S. Guerin and H. Jauslin for a very useful discussion on the topics of this note. The helpful comments of two anonymous reviewers are also gratefully acknowledged.
